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We calculate the shear η(T ) and bulk viscosities ζ (T ) as well as the electric conductivity σe(T ) and heat
conductivity κ(T ) within the Nambu-Jona-Lasinio model for three flavors as a function of temperature as well
as the entropy density s(T ), pressure P(T ) and speed of sound c2s (T ). We compare the results with other models
such as the Polyakov-Nambu-Jona-Lasinio (PNJL) model and the dynamical quasiparticle model (DQPM) and
confront these results with lattice QCD data whenever available. We find the NJL model to have a limited pre-
dictive power for the thermodynamic variables and various transport coefficients above the critical temperature
whereas the PNJL model and DQPM show acceptable results for the quantities of interest.
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I. INTRODUCTION
For small momentum transfers, quantum chromo-dynamics
(QCD), the fundamental theory of strong interactions, can
presently only be solved on a finite Euclidean lattice in ther-
modynamic equilibrium. Even this solution requires computer
power in teraflops and many of the most interesting questions
such as the mass of hadrons at finite temperature and chem-
ical potential as well as the properties of the constituents of
deconfined matter and their interactions cannot be addressed
presently accurately, either due to limited computer power or
due to conceptual problems, in particular at finite quark chem-
ical potential µ .
Therefore one is strongly motivated to look for simpler
models that incorporate essential features of QCD but are
mathematically tractable. A candidate for this is the Nambu-
Jona-Lasinio (NJL) model which is constructed in a way that
its Lagrangian shares the symmetries of QCD –which are also
observed in nature– but also the breaking of these symme-
tries. One of the most important of these symmetries is chi-
ral symmetry, which is essential for the understanding of the
hadron properties and their excitation spectra. We recall that
the breaking of this symmetry is responsible for the dynamical
creation of the fermion masses.
Whereas in former times the NJL approach has been mainly
used to describe and to understand hadron properties at fi-
nite density and temperature, in recent times the interest has
been extended to a systematic investigation of the proper-
ties and the interactions of quarks in deconfined matter, es-
pecially at temperatures above the critical temperature Tc for
the phase transition to deconfined matter. Without introduc-
ing additional parameters elastic scattering and hadronization
cross sections for quarks and antiquarks have been calculated
[1] which have more recently been used to model the expan-
sion of a quark-antiquark plasma with initial conditions ob-
tained for nucleus-nucleus collisions at the Relativistic Heavy
∗ Email : marty@fias.uni-frankfurt.de
Ion Collider (RHIC) [2]. In order to compare this approach
with other transport models, which study the expansion of the
plasma created in ultra relativistic heavy-ion collisions, it is
useful to calculate and compare thermodynamic properties as
well as transport coefficients in equilibrium as a function of
the temperature T .
It is the purpose of this article to evaluate these quantities in
the NJL model and to compare them with similar approaches
such as the Polyakov-Nambu-Jona-Lasinio (PNJL) [3] and the
dynamical-quasiparticle model (DQPM) [4–6]. The latter one
is presently used in an independent transport approach which
describes the time evolution of heavy-ion collisions from the
creation of the partonic plasma until the registration of the final
hadrons in the detectors, i.e., the parton-hadron string dynam-
ics (PHSD) approach [7–9]. Both models are quite different
as far as the temperature dependence of the parton masses and
the hadronization dynamics are concerned. It is therefore of
interest to study whether these different ingredients lead to a
different dynamics of the system. We will compare, as much
as possible, all results also with available lattice QCD data.
II. THE NAMBU–JONA-LASINIO MODEL
Before quantum chromo-dynamics (QCD) was formulated
in 1973, Y. Nambu and G. Jona-Lasinio advanced a model for
strongly interacting fermions [10] –nucleons in their case– by
a four-point interaction. The use of the NJL model was ex-
tended to quarks and antiquarks only at the beginning of the
1990s, assuming the gluon degrees of freedom to be integrated
out. The NJL Lagrangian presently used for our purpose for
SU(3) f is taken from Ref. [11]:
LNJL =ψ¯ (i∂/−m0)ψ
+ G
8
∑
a=0
[
(ψ¯λ aψ)2+(ψ¯iγ5λ aψ)2
]
− K [detψ¯ (1− γ5)ψ+detψ¯ (1+ γ5)ψ] ,
(1)
where ψ = u,d,s is the quark field with three flavors (N f = 3)
and three colors (Nc = 3), λ a are the flavor SU(3) f Gell-Mann
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FIG. 1. (Color online) Masses of quarks (a) and pseudoscalar mesons (b) as a function of the temperature T in the NJL model.
TABLE I. Parameters for the NJL model from Ref. [1].
Λ GΛ2 KΛ5 m0q m0s
602.3 MeV 1.835 12.36 5.5 MeV 140.7 MeV
matrices (a= 0,1, . . . ,8), and G and K are coupling constants.
The first line is the Lagrangian of freely moving quarks with
a constituent mass m0. The second(third) line of Eq. (1) de-
scribes the four-quark(six-quark) interaction. The symmetry
group of the NJL model is the same as that of QCD:
U(3)L⊗U(3)R = SUV (3)⊗SUA(3)⊗UV (1)⊗UA(1). (2)
Chiral symmetry is spontaneously broken in vacuum and ex-
plicitly broken by the bare mass m0 of quarks in Eq. (1). The
well known axial anomaly UA(1) is broken by the last term of
Eq. (1) which relates to the ’t Hooft mixing.
From this Lagrangian we can get effective masses for
quarks. In the mean-field approximation they are given by
mi = m0i−4G〈〈ψ¯iψi〉〉+2K〈〈ψ¯ jψ j〉〉〈〈ψ¯kψk〉〉, (3)
with i 6= j 6= k denoting the three possible flavors of quarks,
and 〈〈ψ¯ψ〉〉 being the chiral condensate in the mean field limit,
〈〈ψ¯iψi〉〉=−2Nc
∫ Λ
0
d3p
(2pi)3
mi
Eip
[1− fq− fq¯], (4)
with Ep =
√
p2+m2, Λ being the NJL cutoff, and the Fermi-
Dirac distribution
fq(p,T,µ) = {exp[(Ep−µ)/T ]+1}−1,
fq¯(p,T,µ) = {exp[(Ep+µ)/T ]+1}−1.
(5)
The NJL model is a non renormalizable model which has to
be regularized in the ultraviolet limit using a cutoff parameter
Λ. The set of parameters for our calculations is displayed in
Table I.
We construct the meson propagator as a series of q/q¯ polar-
ization loops which give
−ig2piqq¯
k2−M2 =
2iG
1−2GΠ(k) , (6)
withΠ(k) being the q/q¯ polarization loop (see [12]). The mass
M of the meson is obtained by solving the equation
1−2GΠ(k)∣∣k2=M2 = 0. (7)
For our study we have a preferential interest in the partonic
degrees of freedom and therefore we refer the reader to Refs.
[11, 13] for further information about the basics on the NJL
model.
Masses of quarks and pseudoscalar mesons from the NJL
calculations are displayed in Fig. 1. At low temperatures T the
spontaneous breaking of chiral symmetry generates an effec-
tive mass for the quarks. In contrast, the pseudoscalar mesons
show an increasing mass with increasing temperature. We can
define a Mott temperature as that temperature when the mass
of mesons is equal to the mass of the intrinsic quarks plus an-
tiquarks, i.e., M = mq+mq¯.
It is also possible to compute these masses at finite chemical
potential µ as shown in Fig. 2. For small temperature T and
large chemical potential µ , the cross over transition between
the hadronic and partonic phases turns to a first-order phase
transition in the NJL model [14, 15].
The Lagrangian (1) allows us to compute cross sections us-
ing quark or meson exchange diagrams [16]. We can see in
Fig. 3(a) that in the case of quark-antiquark scattering the res-
onant s channel gives very large cross sections around the Mott
temperature, whereas the cross section for quark-quark scat-
tering [Fig. 3(b)] stays roughly flat and is small. Note that
different mesons have different Mott temperatures. We define
for the rest of this study a critical temperature Tc= TMott = 200
MeV which is about the mean value of the different Mott tem-
peratures in the NJL model.
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FIG. 2. (Color online) Masses of u quarks (a) and pi mesons (b) as a function of the temperature T and the quark chemical potential µ in the
NJL model.
FIG. 3. (Color online) Cross sections uu¯→ uu¯ (a) and uu→ uu (b) as a function of (T,√s−√s0) in the NJL model where
√
s0 denotes the
threshold.
III. THE POLYAKOV–NAMBU–JONA-LASINIO MODEL
The NJL model assumes the gluon degrees of freedom to
be integrated out and therefore confinement is not included
in the model. However, gluons can be included on the level
of a chiral-point coupling of quarks together with a static
background field representing the Polyakov loop [17]. This
Polyakov-loop extended NJL model–denoted as PNJL–was
developed by fitting lattice pure gauge data and considering
additionally three flavors of quarks in Refs. [3, 18, 19]. The
PNJL Lagrangian used in Ref. [18] is
LPNJL =ψ¯ (iD/−m0)ψ+U(φ , φ¯ ,T )+µψ¯γ0ψ
+ G
8
∑
a=0
[
(ψ¯λ aψ)2+(ψ¯iγ5λ aψ)2
]
+ K [detψ¯ (1− γ5)ψ+detψ¯ (1+ γ5)ψ] .
(8)
which differs from Eq. (1) by adding an external gauge field
Dµ = ∂ µ − iAµ with Aµ = δ µ0 A0 (Polyakov gauge), in Eu-
clidean notation A0 = −iA4, and by adding an effective po-
tential U which depends on the Polyakov loop φ :
Φ(~x) =
1
Nc
Trc 〈〈L(~x)〉〉 , (9)
where
L(~x) = P exp
[
i
∫ β
0
dτA4(~x,τ)
]
. (10)
One can also extend this approach to finite baryon densities
nB by adding µψ¯γ0ψ ≈ µ〈〈ψ†ψ〉〉=−µnB to the Lagrangian
(8). Note, however, the Polyakov loop potential might vary
additionally explicitly with µ .
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FIG. 4. (Color online) Polyakov potential U as a function of the real and imaginary part of the Polyakov loop φ for T < Tc (a) and T > Tc (b).
Linking the Polyakov loop to the quark degrees of freedom
then modifies the Fermi-Dirac distribution to
fq→ fΦq (p,T,µ)
=
(Φ¯+2Φe−(Ep−µ)/T )e−(Ep−µ)/T + e−3(Ep−µ)/T
1+3(Φ¯+Φe−(Ep−µ)/T )e−(Ep−µ)/T + e−3(Ep−µ)/T
,
fq¯→ fΦq¯ (p,T,µ)
=
(Φ+2Φ¯e−(Ep+µ)/T )e−(Ep+µ)/T + e−3(Ep+µ)/T
1+3(Φ+ Φ¯e−(Ep+µ)/T )e−(Ep+µ)/T + e−3(Ep+µ)/T
.
(11)
This distribution approaches the standard definition [Eq.
(5)] for Φ→ 1 in the deconfined phase. For Φ→ 0, the quarks
are supposed to be confined in neutral bound states and there-
fore the exponent in the Boltzmann distribution increases by a
factor of 3.
The static background field–first defined in Ref. [20], and
then modified in [21]–is assumed to be
U(Φ,Φ¯,T )
T 4
=− a(T )
2
Φ¯Φ+b(T )×
ln[1−6Φ¯Φ+4(Φ¯3+Φ3)−3(Φ¯Φ)2],
(12)
where
a(T ) = a0+a1
(
T0
T
)
+a2
(
T0
T
)2
,
b(T ) = b3
(
T0
T
)3
.
(13)
From pure gauge lattice data [22, 23] one can extract the pa-
rameters which are depicted in Table II.
TABLE II. Parameters for the effective potential in the pure gauge
sector [Eq. (12)] [3].
a0 a1 a2 b3 T0
3.51 −2.47 15.2 −1.75 270 MeV
The quark masses as well as of Φ and Φ¯ are obtained by
minimizing the grand canonical potential [18] for all these four
degrees of freedom. For the masses one finds the same gap
equation as Eq. (3) for NJL. Only the Fermi-Dirac distribu-
tions are replaced by Eq. (11):
〈〈ψ¯ψ〉〉=−2Nc
∫ Λ
0
d3p
(2pi)3
m
Ep
[1− fΦq − fΦq¯ ]. (14)
The result for the masses and the Polyakov loop are dis-
played in Fig. 5. For the comparison with the results of the
NJL model the gauge temperature T0 has been modified to
T0 = 210 MeV. We see immediately the effect of the Polyakov
loop on the phase transition: close to the transition the change
of mass is faster for PNJL than NJL. Nevertheless, for T → 0
or ∞ one recovers the same mass limit for the NJL and the
PNJL models.
IV. THE DYNAMICAL QUASI-PARTICLE MODEL
The dynamical quasi-particle model [4, 5] describes QCD
properties in terms of “resummed” single-particle Green’s
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FIG. 5. (Color online) Masses of quarks and Polyakov loop Φ as
a function of T in the PNJL model (full lines) [18] and in the NJL
model (dashed lines).
045204-4
TRANSPORT COEFFICIENTS FROM THE NAMBU–JONA- . . . PHYSICAL REVIEW C 88, 045204 (2013)
Mg
Mqq
Gg
Gqq
1 2 3 4 5 6
0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
T  Tc
M
,
G
HG
eV
L
FIG. 6. (Color online) Masses and widths of quarks and gluons as a
function of T/Tc in the DQPM [26].
functions [in the sense of a two-particle irreducible (2PI) ap-
proach]. The parameters of the model are fitted in order to
reproduce the equation of state from Ref. [24] above tempera-
tures of 140 MeV.
This approach does not involve an effective Lagrangian
since the strong coupling and propagators are assumed to rep-
resent “resummed” quantities. The 2PI framework then guar-
antees a consistent description of systems in and out of equi-
librium on the basis of Kadanoff-Baym equations [25]. The
resummed propagators are specified by complex self-energies
that are temperature dependent. Whereas the real part of the
self-energy describes a dynamically generated mass the imag-
inary part provides the interaction width of partons [8]; the
mass and the width are linked in turn to the coupling constant
g2(T ) for strongly interacting matter, which is found to be en-
hanced in the infrared region (or low temperature).
The running coupling constant g2(T ) for partons is approx-
imated (for T > Tc, µq = 0) by
g2(T/Tc) =
48pi2
(11Nc−2N f ) ln[λ 2(T/Tc−Ts/Tc)2] , (15)
where the parameters λ = 2.42 and Ts/Tc = 0.56 have been
extracted from a fit to the lattice data for purely gluonic sys-
tems (N f = 0) [6]. In Eq. (15), Nc = 3 stands for the number
of colors, Tc is the critical temperature (= 158 MeV), while N f
denotes the number of flavors.
The functional forms for the dynamical gluon masses are
chosen that they become identical to the perturbative thermal
masses in the asymptotic high-temperature regime [27], i.e.,
M2g(T,µq) =
g2
6
((
Nc+
N f
2
)
T 2+
3
2∑q
µ2q
pi2
)
. (16)
The masses of quarks (antiquarks) are taken as
M2q/q¯(T,µq) =
N2c −1
8Nc
g2
(
T 2+∑
q
µ2q
pi2
)
(17)
following [28, 29]; they differ from the hard-thermal-loop
(HTL) result [27] by a factor of 2 and allow for a better de-
scription of the QCD equation of state from the lattice in the
temperature range 0.6Tc < T < 3Tc. In order to match the
high-temperature HTL limit a smooth decrease of the addi-
tional factor 2→ 1 with temperature T will have to be included
in addition. Note that in the DQPM the coupling g2 is assumed
to be the running coupling g2(T ) (15). The effective degrees of
freedom (quarks, antiquarks, and gluons) in the DQPM have
finite widths, which for µq = 0 read
Γg(T ) =
1
3
Nc
g2T
8pi
ln
(
2c
g2
+1
)
,
Γq/q¯(T ) =
1
3
N2c −1
2Nc
g2T
8pi
ln
(
2c
g2
+1
)
,
(18)
where the parameter c= 14.4 is related to a magnetic cut off.
To fit the equations of state of lattice QCD (from Ref. [24])
for three flavors, the coupling constant has been modified
around Tc and below and reads:
g2(T/Tc)→ g2(T ?/Tc)
(
T ?
T
)γ
, (19)
where T ? = 1.19Tc and γ = 3.1. The masses and widths used
in the DQPM are displayed in Fig. 6 as a function of T/Tc.
Due to the finite imaginary parts of the self-energies, the
parton spectral functions, i.e., the imaginary parts of the propa-
gators, are no longer δ functions in the invariant mass squared
but have a Breit-Wigner form
ρ(ω,p) =
Γ
E
(
1
(ω−E)2+Γ2 −
1
(ω+E)2+Γ2
)
(20)
with the notation E2(p2) = p2 +M2 − Γ2, for quarks, anti-
quarks, and gluons. The spectral function (20) is antisymmet-
ric in ω and is normalized as∫ ∞
−∞
dω
2pi
ωρ(ω,p) =
∫ ∞
0
dω
2pi
2ωρ(ω,p) = 1. (21)
Equations (15) (21) specify the DQPM (and its few parame-
ters); all further quantities discussed in this study then are fully
defined and do not require any further assumptions. Although
the free parameters of the DQPM are fitted to the LQCD equa-
tion of state in equilibrium, its results for the various trans-
port coefficients (investigated in this article) are a direct conse-
quence within the model without incorporating any additional
parameters.
V. EQUATIONS OF STATE
In order to compute the equation of state of strongly inter-
acting matter, we use thermal distribution functions for par-
tons, i.e. Eq. (5) for quarks in the NJL and DQPM approach
and Eq. (11) for quarks in the PNJL model. For the gluons in
the DQPM we use the Bose-Einstein distribution,
fg(p,T ) = (exp[Ep/T ]−1)−1, (22)
with Ep(p,T,µ) =
√
p2+m2g and mg(T,µ) being an effective
mass for gluons. We note that the temperature and density
dependence of the different quark masses mq(T,µ) are rather
different in the DQPM as compared to the (P)NJL model.
We compute the particle density n, energy density ε , pres-
sure P, and entropy density s (cf. Fig. 7) in the NJL model as
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FIG. 7. (Color online) Particle density n (a), energy density ε (b), pressure density P (c), and entropy density s (d) as a function of temperature
T from different models compared to LQCD1 data from Ref. [24] and LQCD2 data from [30]. The PNJL results have been taken from Ref.
[19]. We note that the NJL calculations of condensates (or mean fields) must be regularized using the cut off, but once the complete set of NJL
masses is available at given temperature, these masses are used for observables in integrals over the thermal distributions which have not been
regularized.
a function of temperature T using the relations based on the
definition of the stress-energy tensor T µν for non interacting
particles:
n(T,µ) =gg
∫ ∞
0
d3p
(2pi)3
fg
+
gq
6
∫ ∞
0
d3p
(2pi)3
[
u,d,s
∑
q
fq+
u¯,d¯,s¯
∑¯
q
fq¯
]
,
(23)
P(T,µ) =gg
∫ ∞
0
d3p
(2pi)3
fg
p2
3Eg
+
gq
6
∫ ∞
0
d3p
(2pi)3
[
u,d,s
∑
q
fq+
u¯,d¯,s¯
∑¯
q
fq¯
]
p2
3Eq
,
(24)
ε(T,µ) =gg
∫ ∞
0
d3p
(2pi)3
fgEg
+
gq
6
∫ ∞
0
d3p
(2pi)3
[
u,d,s
∑
q
fq+
u¯,d¯,s¯
∑¯
q
fq¯
]
Eq,
(25)
s(T,µ) =
ε(T,µ)+P(T,µ)−µnB(T,µ)
T
, (26)
with the baryonic density
nB(T,µ) =
gq
6
∫ ∞
0
d3p
(2pi)3
[
u,d,s
∑
q
fq−
u¯,d¯,s¯
∑¯
q
fq¯
]
, (27)
and the degeneracy factors
gg = polarization [0,1]× (N2c −1) = 16,
gq = spin [+½,−½]×parity [q, q¯]×NcN f = 36.
(28)
The case of the (P)NJL model is treated differently, first of
all because there are no gluons in the model but also because
the model, is an effective approach and therefore it involves
an ultraviolet cut off Λ on the three-momentum to take into
account the vacuum energy density of the quark condensate
〈〈q¯q〉〉 [11]. When keeping this cut off in the calculation of
the equations of state, we cannot reach the Stefan-Boltzmann
limit (see Fig. 7, orange lines). For the following results we
do not use this limit, considering a realistic medium where the
momenta of the partons are thermally distributed and the cut
off is removed in integrals of observables with thermal distri-
butions.
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The Stefan-Boltzmann limit is defined by
nSB(T ) =
(
gg+
3
4
gq
)
ζ (3)
pi2
T 3 (29)
with ζ (3)' 1.202 for the particle density and
PSB(T,µ) =
gg
72
0.8pi2T 4+
gq
72
(
0.7pi2T 4+3T 2µ2q +1.5
µ4q
pi2
) (30)
for the pressure, in which the first term stands for the gluon
degrees of freedom and the second for that of the quarks. In
the SB limit we have the relations
εSB(T,µ) =3PSB(T,µ),
sSB(T,µ) =4PSB(T,µ)T.
(31)
In Fig. 7 the SB limit is different for the NJL model and for
PNJL/LQCD due to the lack of the gluon degrees of freedom.
We recall that the results of the Polyakov-NJL model differ
from the NJL results due to the explicit gluon potential U [19].
The critical temperature Tc is also different between the
NJL, PNJL, and LQCD. In the NJL model the definition of
Tc from the equation of state (Tc ≈ 170MeV ) is different from
the Mott temperatures for the different processes (see above).
For convenience we choose an intermediate value Tc = 200
MeV. For the DQPM this value is taken from the Wuppertal-
Budapest LQCD Collaboration [24, 31] as Tc ≈ 158 MeV, and
for the PNJL from the HotQCD LQCD Collaboration [30] as
Tc ≈ 185 MeV (a lattice value which is below the PNJL Mott
temperatures). Note that the different critical temperatures
from the LQCD collaborations are due to different discretiza-
tions of the action and different fermion masses, respectively.
The approach for calculating the equation of state in the
DQPM is different but thermodynamically consistent. One
starts from the evaluation of the entropy density s within the
quasiparticle approach [4, 7] which depends on the complex
propagators and complex self-energies of the degrees of free-
dom as well as thermal Bose or Fermi distributions. Note that
this entropy stands for an interacting system. Then using the
thermodynamic relation
s(T ) =
(
∂P(T )
∂T
)
µ
(32)
(for a fixed chemical potential µ) one obtains the pressure P by
integration of s(T ) over T while the energy density ε is gained
using Eq. (26). A self-consistent check is done to compare
the result with Eq. (25). In the DQPM one has to include the
off-shellness of the degrees of freedom by replacing
f (Ep)→
∫ ∞
0
dω
2pi
f (ω)ρ(ω,p) 2ω (33)
with the spectral function ρ(ω) [Eq. (20)] and then integrating
over ω additionally.
We also note that the grand canonical potential Ω is used in
the (P)NJL model to compute the pressure using the relation
P(T,µ) =−Ω(T,µ).
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FIG. 8. (Color online) Trace anomaly (ε−3P)/T 4 as a function of T
from different models compared to LQCD data 1 from Ref. [24] and
LQCD data 2 from [30]. The PNJL results have been taken from Ref.
[19].
In Fig. 8 we display the interaction measure–known in
LQCD as the trace anomaly–in comparison with LQCD and
find again the NJL model to be in poor agreement with lattice
data from Ref. [24, 30]. Note that the PNJL [19] and DQPM
calculations agree well with the LQCD data; however, both
have been adjusted to different LQCD results, i.e. either to
those from Ref. [24] (DQPM) or from Ref. [30] (PNJL). We
recall that the gluon pressure is taken into account in the PNJL
model [3, 19].
The derivatives of the previous densities provide further in-
teresting quantities. For instance we can compute the specific
heat cV and the speed of sound squared c2s as
cV = T
(
∂ s
∂T
)
V
= T
(
χTT −
χ2µT
χµµ
)
(34)
and
c2s =
(
∂P
∂ε
)
nB
=
sχµµ −nBχµT
cV χµµ
(35)
with the susceptibilities χxy = ∂ 2P/∂x∂y.
Figure 9 shows the scaled specific heat cv/T 3 which reaches
a limit above Tc. This limit is not the same for the dif-
ferent model calculations because the PNJL model and the
DQPM include gluon degrees of freedom in the pressure,
which changes the SB limit and the specific heat accordingly.
Note that the parametrization of the PNJL model from Ref.
[32] is fitted to different LQCD data than that from Ref. [18].
In Fig. 10 we display the speed of sound squared c2s (T )
(from Ref. [24]) as a function of T . c2s passes through a lo-
cal minimum around the critical temperature and then reaches
the SB limit (= 1/3) at high temperature T . This minimum
indicates a fast change in the masses of partons in the (P)NJL
model (e.g. quarks) as well as in the DQPM (cf. Fig. 6).
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FIG. 9. (Color online) Specific heat cV as a function of T in the NJL
model, the DQPM and the PNJL model (taken from Ref. [32]).
VI. INTEGRATED CROSS SECTIONS
The first step before computing transport coefficients in the
NJL model is to integrate the elastic cross sections σ(T,µ,s)
over the invariant energy squared s taking into account all
possible kinematic reactions for a given thermodynamical
medium in equilibrium for fixed (T,µ). The integration is
done using [33]
σ(T,µ) =
∫ ∞
Th
ds σ(T,µ,s) L(T,µ,s), (36)
with the threshold Th = max((m1 +m2)2,(m3 +m4)2) [which
depends on (T,µ)] and L being the probability of yielding a
qq¯ (qq) pair with the energy
√
s in the medium (T,µ):
L(T,µ,s) =C(T,µ) E1E2 pcm(s) vrel(s)
× fq (E1−µ) fq¯(q) (E2±µ)
(37)
with the center-of-mass momentum
pcm(s) =
√
(s− (m1+m2)2)(s− (m1−m2)2)
2
√
s
, (38)
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FIG. 10. (Color online) Speed of sound squared c2s for the NJL model,
for the PNJL model from Ref. [32], and for the DQPM as a function
of T compared to LQCD data from Ref. [24].
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FIG. 11. (Color online) Cross sections as a function of T in the NJL
model (dashed lines from Ref. [1]).
the relative velocity (in the center of mass)
vrel(s) =
√
(p1p2)2− (m1m2)2
E1E2
=
pcm(s)
√
s
E1E2
=
pcm
E1
+
pcm
E2
,
(39)
while C is a normalization factor fixed by
C−1(T,µ) =
∫ ∞
Th
ds L(T,µ,s). (40)
Similar calculations can be performed for cross sections with
massive gluons by including the Bose-Einstein distribution in
Eq. (37).
Now we can integrate the 11 different elastic NJL cross sec-
tions [1] over s:
(i) 4 qq→ qq cross sections,
(ii) 4 qq¯→ qq¯ cross sections,
(iii) 3 qq¯→ q′q¯′ cross sections.
We show the results for the channels ud → ud and ud¯ → ud¯
in Fig. 11 which are in good qualitative agreement with the
previous calculations from Ref. [1]. Nevertheless we note a
small difference between the results which is due to a different
normalization of the cross section in Ref. [1] as compared to
ours (in line with Refs. [33, 34]). We can see that while the
shape of the cross section is similar (e.g., flat qq and peaked
qq¯ cross sections) the maximum is different.
For the DQPM we do not need the explicit cross sections
since the inherent quasiparticle width Γ(T ) directly provides
the total interaction rate.
VII. RELAXATION TIMES
By means of the integrated cross sections we can compute
the relaxation time τ of particles within the NJL model. This
quantity relates to the mean-free-path ` between two elastic
collisions as [33]
τ−1i (T,µ) =∑
q
nq(T,µ) σiq(T,µ) = (vrel`)−1, (41)
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FIG. 12. (Color online) Relaxation times τ as a function of T/Tc
from the NJL model and the DQPM.
with q= u,d,s, u¯, d¯, s¯, and the densities
nq(T,µ) =
∫ ∞
0
d3p
(2pi)3
fq, (42)
In the DQPM approach one can directly use the flavor-blind
reaction rates based on the particle width (18) [26]:
τ−1q (T ) = Γq(T ) and τ
−1
g (T ) = Γg(T ). (43)
For example the relaxation time in the NJL model for a u
quark (knowing that we have isospin symmetry for u and d
quarks and no gluons) reads:
τ−1u = nu (σuu→uu+σud→ud)+nu¯ (σuu¯→uu¯
+σud¯→ud¯+σuu¯→dd¯+σuu¯→ss¯)
+ns σus→us+ns¯ σus¯→us¯.
(44)
We note that elastic processes involving chemical equilibration
are included in the computation of the relaxation time [35].
Figure 12 shows the relaxation time for the NJL model for u
and s quarks as well as the relaxation time for quarks (flavor-
blind) and gluons for the DQPM as a function of the tempera-
ture T/Tc, with Tc= 200 MeV for the NJL model and Tc= 158
MeV for the DQPM. We can evaluate–in terms of powers of
T–the behavior of this relaxation time for the NJL model [34]:
T < Tc :
{
n ∝ e−m/T
σ ∝ const.
⇒ τ ∝ e−T (45)
and
T > Tc :
{
n ∝ T 3
σ ∝ T−2
⇒ τ ∝ T−1. (46)
The density is proportional to T 3 for large temperature where
m T in the NJL model, whereas the fast increase of the mass
below Tc gives an exponential decrease. The integrated cross
sections are roughly constant up to Tc and then are proportional
to 1/T 2 above Tc.
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FIG. 13. (Color online) Shear viscosity to entropy density ratio η/s
as a function of T/Tc compared to the LQCD data points from Ref.
[36] (square), [37] (triangle), and [38] (circle) and the result from the
DQPM.
Once one has the relaxation time for the different quark
species, it is straight forward to compute all transport coef-
ficients (viscosities and conductivities) in the relaxation time
approximation [35]. Obviously all results are strongly T de-
pendent and a systematic study of the T dependence is manda-
tory.
VIII. SHEAR VISCOSITY
The shear viscosity η is related to the transverse motion of
a particle during the expansion of a plasma. The calculation
of this quantity is very important for the evaluation of physical
observables such as the elliptic flow v2. It is defined in the
dilute gas approximation for interacting particles as [41, 42]:
η(T,µ) =
1
15T
gg
∫ ∞
0
d3p
(2pi)3
τg fg
p4
E2g
(47)
+
1
15T
gq
6
∫ ∞
0
d3p
(2pi)3
[
u,d,s
∑
q
τq fq+
u¯,d¯,s¯
∑¯
q
τq fq¯
]
p4
E2q
.
Another approach to compute the shear viscosity is to use
the stress-energy tensor and the Green-Kubo formula to ex-
tract the viscosity [26, 43]. We do not discuss this method in
the present study since explicit comparisons of both methods
demonstrate that both solutions are rather close (at least in case
of approximately isotropic scattering) [26, 43].
We note that in Ref. [35] the shear and bulk viscosities have
been also calculated by restricting to elastic interactions. Their
result for the shear viscosity differs from ours only by a Pauli
blocking factor (1− f ) which is ≈ 1 for the temperatures of
interest. Then the definitions of the shear viscosity from Ref.
[41] and [35] coincide.
We find that the shear viscosity over entropy density ratio
η/s(T ) shows a temperature dependence close to that of the
relaxation time τ(T ) in the NJL model. That implies that for
τ ∝ T−1 for high temperatures one obtains a similar behavior
for η/s in the NJL model. The order of magnitude of the NJL
cross sections finally gives a ratio η/s which is in good agree-
ment with lattice QCD data from 1.2 Tc up to 1.5 Tc. Never-
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FIG. 14. (Color online) Bulk viscosity to entropy density ratio ζ/s (a) compared to the LQCD data points from Ref. [39] (square) and [38]
(circle), and specific sound channel (b) compared to the LQCD data points from Ref. [38, 39] (square) and [40] (triangle) as a function of T/Tc.
For the NJL model, the bulk viscosity to entropy density ratio is computed with the method from Ref. [41] (1) as well as with the that from
Ref. [35] (2). The results from the DQPM are shown by dashed lines.
theless, the T−1 behavior of the viscosity in the NJL implies
going beyond the Kovtun-Son-Starinets (KSS) bound [44],(η
s
)
KSS
=
1
4pi
, (48)
which happens around T ∼ 1.7Tc. We conclude that the appli-
cability of the NJL model thus should be restricted to temper-
atures at least below 1.7 Tc.
We recall again that the DQPM results agree quite well with
LQCD data and give an increasing ratio η/s with temperature
and approach the pQCD limit at high T as already discussed
in Ref. [26]. One has to note, however, that the lattice data are
obtained for pure gauge (N f = 0).
IX. BULK VISCOSITY
The bulk viscosity defined in Ref. [41, 49] reads in the re-
laxation time approximation (RTA)
ζ (T,µ) =
1
9T
gg
∫ ∞
0
d3p
(2pi)3
τg fg
× 1
E2g
[
p2−3c2s
(
E2g −T 2
dm2g
dT 2
)]2
+
1
9T
gq
6
∫ ∞
0
d3p
(2pi)3
[
u,d,s
∑
q
τq fq+
u¯,d¯,s¯
∑¯
q
τq fq¯
]
× 1
E2q
[
p2−3c2s
(
E2q −T 2
dm2q
dT 2
)]2
.
(49)
This definition is different from Ref. [35], even if the same
contributions appear (i.e., the mass derivative ∂m/∂T , the en-
ergy E, the temperature T , and the speed of sound squared
c2s ). For convenience, we have performed calculations in both
approaches in order to get some idea about the differences in
results.
The main difference between the RTA approaches of Refs.
[41] and [35] is the definition of the perturbation in the stress-
energy tensor ∆T µν . The RTA approach of Ref. [41] is based
on kinetic theory and allows for both elastic and inelastic
scattering (with detailed balance) of an arbitrary number of
species; and, most importantly, the viscosities and the equa-
tion of state are mutually consistent (the same interactions are
used to compute them).
The bulk viscosity [divided by the entropy density s] from
the NJL model is displayed in Fig. 14(a) and shows a very
different temperature dependence than η/s. Indeed, for high
temperatures we find the limit ζ/s→ 0. Moreover, the behav-
ior around Tc shows a peak in LQCD as well as in the DQPM.
This peak is not seen in the NJL model (or shifted to much
lower temperatures). This can be easily explained by the fact
that the masses of the degrees of freedom play an important
role for the bulk viscosity and the NJL masses do not change
sufficiently fast in temperature around Tc to achieve a good
agreement with LQCD or the DQPM. When replacing the NJL
masses by PNJL masses this does not change the results in this
case very much because one has to change the critical temper-
ature as well, and therefore the fast increase of ζ/s close to Tc
cannot be reproduced by any NJL-like model.
In Fig. 14(b) we also display the specific sound channel
(η + 3/4ζ )/s which is dominated by η/s in the NJL model
and provides reasonable results for Tc < T < 1.7Tc in compar-
ison to LQCD.
X. ELECTRIC CONDUCTIVITY
The electric conductivity for charged particles–known as the
Drude-Lorentz conductivity for a classical gas–is defined as
[50, 51]
σe(T,µ) =∑
q
e2q nq(T,µ) τq(T,µ)
mq(T,µ)
, (50)
045204-10
TRANSPORT COEFFICIENTS FROM THE NAMBU–JONA- . . . PHYSICAL REVIEW C 88, 045204 (2013)
ò
ò
à à
æ ì
ò à æ ì LQCD
DQPM
NJL
0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
0.01
0.02
0.05
0.10
0.20
0.50
1.00
T  Tc
Σ
e

T
Μ = 0 MeV
HaL
NJL
DQPM
0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
10
20
50
100
200
500
T  Tc
Η

Σ
e
T
2
Μ = 0 MeV
HbL
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FIG. 16. (Color online) Heat conductivity over T 2 (a) and heat to electrical conductivity κ/(σeT ) (b) as a function of T/Tc in the NJL model
and the DQPM.
with q= u,d,s, u¯, d¯, s¯, and the electric charge of quarks,
e2q =
4pi
137
q2, (51)
with q = +2/3 or −1/3 denoting the quark electric charge
fraction.
Figure 15(a) shows that for the DQPM as well as the NJL
model the dimensionless ratio of the electric conductivity over
T behaves approximately linearly in T for T ≥ Tc up to about
2 Tc [51]. Both results are in a reasonable agreement with
the present lattice QCD results although there is quite some
uncertainty in the LQCD extrapolations.
In Fig. 15(b) we also show the dimensionless ratio
η/(σeT 2) which is independent on the relaxation time τ . This
ratio is roughly constant in the DQPM for 1.4Tc < T < 2Tc;
however, it drops rapidly in the NJL model with temperature
T .
XI. HEAT CONDUCTIVITY
The heat conductivity κ is another quantity of interest that
describes the heat flow in interacting systems [52, 53] and
only recently has regained interest in the context of relativistic
heavy-ion collisions [54, 55].
The heat conductivity for charged particles is defined using
the specific heat cV and the relaxation time [56]:
κ(T,µ) =
1
3
vrel cV (T,µ) ∑
f
τ f (T,µ), (52)
with f = u,d,s, u¯, d¯, s¯. For our purpose we assume that vrel '
1 in the NJL model because the masses of quarks decrease
whereas the mean momentum increases with temperature T .
Since all quantities entering in Eq. (52) have been specified
before for the NJL model and the DQPM we directly proceed
with the actual results.
Figure 16(a) displays the dimensionless quantity κ/T 2 for
both models. Whereas the DQPM shows a slightly rising ratio
for Tc < T < 2Tc the NJL model predicts a rapid decrease with
T for T > Tc.
In Fig. 16(b) we show the results of both models for the
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dimensionless ratio κ/(σeT ), which no longer depends on the
relaxation time τ . For T > Tc the results differ by more than an
order of magnitude. Unfortunately, there are no lattice QCD
results that might specify the quality of the predictions from
both models.
XII. CONCLUSION
In this study we have calculated thermodynamic properties
of the NJL model for three flavors (u,d,s) such as the en-
ergy density, entropy density, pressure, sound velocity, specific
heat, etc. as a function of temperature T up to a few times the
critical temperature Tc. Furthermore, we have calculated the
shear η and bulk ζ viscosity as well as the electric σe and heat
conductivity κ as a function of T and compared to correspond-
ing results from the DQPM, from the PNJL model, and from
lattice QCD results when available. Note, however, that most
of them have been calculated in pure gauge (N f = 0).
We recall that the NJL Lagrangian parameters (as well as a
momentum cutoff) are essentially fixed at T = 0 by the pion
(kaon) decay constant and pion (kaon) mass whereas the PNJL
model is improved especially around the critical temperature
Tc by adding a Polyakov loop potential (fitted to reproduce
specific lattice data of the HOT-QCD Collaboration). Both
models have in common that the Lagrangians share the sym-
metries of QCD at low temperature. On the other hand the
DQPM is based on a two-particle irreducible approach for
complex “resummed” propagators and “resummed” couplings
especially tuned to lattice QCD results from the Wuppertal-
Budapest Collaboration for the entropy density s(T ) above
temperatures of 140 MeV. In this respect the DQPM does
not have a well defined effective Lagrangian in the low-
temperature limit that might allow for an explicit calculation
of cross sections; however, the interaction rates of the partons
are included in the width of the spectral functions such that
the various transport coefficients can be calculated in a straight
forward manner. Unfortunately, the lattice QCD results from
the two collaborations differ substantially due to the diffenrent
implementations of the action and bare quark masses. Accord-
ingly, the various comparisons have to be taken with care and
not on an absolute scale.
We have seen that the NJL model does not reproduce the
lattice QCD equations of state; first of all because the num-
ber of degrees of freedom is not sufficient in the vicinity
of Tc, but also because there is no explicit control on gluon
degrees of freedom and their contribution to the thermody-
namic potential. However, the results for the thermodynamic
quantities s(T ),P(T ), etc. approximately decouple from the
transport properties, which appear reasonable in the vicinity
of Tc up to about 1.5 Tc, whereas the NJL fails to describe
the transport coefficients in the high-temperature phase for
T ≥ 1.5Tc. Indeed, as confirmed by the relaxation time τ
or by the shear viscosity to entropy density ratio η/s, the
NJL model overestimates the interactions between the low-
mass constituent quarks in the medium at high temperature
and lacks the gluon dynamics. The PNJL model performs bet-
ter for the entropy and energy density due the introduction of
an explicit Polyakov-loop potential that describes the pressure
from the gluonic degrees of freedom as a function of tempera-
ture and leads to a narrower cross over region around Tc.
It is interesting to see that, despite the small number of pa-
rameters of the NJL model, one can easily describe the ther-
modynamical properties as well as the transport coefficients
within some deviation from LQCD results in equilibrium.
Other models like the DQPM are designed to match LQCD re-
sults and are very useful to describe a realistic plasma with the
right number of degrees of freedom, but this is not an effective
Lagrangian model where one can directly extract cross sec-
tions. We note in passing that this task can be solved to some
extent within the PHSD transport approach which has been
shown to mach the DQPM results in thermodynamic equi-
librium [57]. In any cases neither the (P)NJL model nor the
DQPM can describe explicitly the dynamics of confinement.
The important message we want to point out here is that –
although there is no perfect model to describe the physics of
the QGP– there are effective approaches that reproduce ther-
modynamic as well as transport properties of QCD in equilib-
rium, as shown by the explicit comparison to LQCD results.
Furthermore, we have pointed out quantitatively the limita-
tions of the models with respect to their applicability in en-
ergy density (or temperature) and provided ratios for transport
coefficients that in principle can be well controlled by LQCD
calculations. Further studies on the NJL model in a box, for
equilibration times, strangeness dynamics, and a mixed phase
(in analogy to Ref. [26, 57]), are in progress.
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